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Abstract

Economic models often treat a tool call, bid, or contract as a single choice. Genera-
tive Al agents instead construct these actions one symbol at a time. If a counterparty
can respond before the message is complete, the action’s representation can affect
the agent’s choices. Several messages may encode the same final action; we call
this semantic multiplicity. Extra representations keep an action available after
different partial messages, so the agent can choose how to finish after observing a
response.

We show that one duplicate representation can raise the guaranteed payoff from
zero to one, the full payoff range. The arrangement of menus also matters: two
interfaces with the same actions and the same menus at every depth can have
opposite optimal first moves. We derive the minimum number and length of
representations needed to produce a given tree of choices and show how preserving
these choices raises total surplus in procurement. In 20 synthetic procurement
games, extra representations raise model payoffs only when the buyer responds
between message fields: the interaction is 1.95 for Gemini and 1.40 for DeepSeek,
buffered differences are near zero, and larger models replicate the pattern. Both
families also solve 17 of 20 matched ancestry games. Finally, in a two-model
runtime implementation, the supplier keeps an exposed 200-unit minimum fixed
and prices at $95 or $105 depending on the buyer’s response.

1 Introduction

Economic models often treat a tool call, bid, or contract as a single choice. A generative agent
makes such a choice by constructing a message one symbol at a time. The message is the action’s
representation, and a decoder maps its completed form to the economic action it implements. As
the agent writes, an application may expose the part already emitted, called its prefix, and let a
counterparty respond before the completed proposal takes effect and the action becomes binding.
The response can then influence how the agent finishes. We ask when different representations of the
same final action give the agent different strategic opportunities.

Several existing features make this interaction possible. Model APIs stream tool arguments as they
are generated [OpenAl, 2026, Anthropic, 2026]; serving systems start executing a tool once enough
arguments are available [Xu et al., 2024]; and agent runtimes pause a proposal, collect external review,
and resume with the feedback [LangChain, 2026]. Combining these features lets an application
obtain a response to an unfinished proposal. Its timing and cancellation rules then determine whether
the response arrives before completion and whether the final message must keep the exposed prefix.
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After exposure, the actions that can still be completed form the prefix’s continuation menu. When
each action has one representation, choosing a branch rules out every action whose representation
follows another branch. Having several representations of the same action is semantic multiplicity. In
this case, continuation menus after different prefixes can contain the same action, including when
neither prefix extends the other. The agent can therefore preserve access to that action while choosing
how to finish after a response. Canonicalization keeps one representation per action and removes the
alternative paths to that action.

Following these menus as the message grows produces a tree whose ancestry records which menus
follow which earlier menus. We study how this structure affects strategic choices and how many
representations are needed to produce a given tree. Together, the accepted representations and the
timing of exposure determine how much flexibility the agent retains.

Our contributions. We first show that a single duplicate representation can raise the guaranteed
payoff from zero to one (Theorem 1); Section 2 explains the complete game. The arrangement of
menus also matters: changing ancestry can reverse the optimal first move for the matched trees
in Figure 2 (Theorem 2). For a specified tree, we then derive the minimum number and length of
representations needed to produce it (Theorem 3) and show how preserving these choices can increase
surplus in procurement (Proposition 3).

To test these predictions, we run two experiments on Gemini and DeepSeek. The procurement
experiment varies both the representations (one per action or with an extra copy) and the timing of
the buyer’s response (between fields or after the whole message is complete). The second experiment
tests whether models change their first choice on the matched trees in Figure 2. We control a source
of presentation bias by balancing display order across procurement games and testing both display
orders within every ancestry game [Pezeshkpour and Hruschka, 2024, Wei et al., 2024].

2 How representations preserve choices

The smallest useful example has three contracts and two bits. A supplier signs a, b, or ¢ by submitting
a two-bit message decoded as 00 — a, 01 — b, 10 — b, and 11 > c. After a first bit of 0, the
reachable contracts are {a, b}; after 1, they are {b, c}.

The two representations keep b available after either first bit. A buyer who responds between the bits
can affect how the supplier finishes its message while b remains available. Canonicalization removes
one representation of b. If 01 is retained, both ¢ and b remain available after prefix 0, so the supplier
can still adapt within this branch. Buffering keeps both bits private until completion. Figure 1 shows
the effects of representation and timing.

A complete game. A buyer who minimizes the supplier’s payoff first selects a public state s €
{0, 1}. The supplier chooses its first bit; the buyer observes it and chooses a response y € {0, 1};
the supplier then completes the message. The supplier earns one if the decoded contract matches
the entry below, and zero otherwise. The buyer receives the negative of this payoff, so the game is

(a) Actions available after each bit (b) Timing determines strategic use

emit external finish
prefix response ¢ message

response changes how the agent
wants to finish its message

generate whole action
message privately binds

action
binds

streamed

external response

buffered only afterward

0 1 0 1
01, 10 +> b: one duplicate keeps b feasible
after either public first bit

Figure 1: Several representations of one action, and when the buyer responds. In panel (a), one
duplicate representation of b creates overlapping menus. In panel (b), streamed exposure permits an
intervening response; buffering delays every response until completion.



zero-sum. The moves are interleaved: the buyer responds between the two bits.
ly=0 y=1
s=0 a b
s=1 b c

With both copies of b, the supplier chooses prefix 0 in state 0 and 1 in state 1, then matches either
response. The game’s value, its largest guaranteed payoff, is one. If 10 — b is deleted, the buyer
selects s = 1: y = 1 defeats prefix 0, and y = 0 defeats prefix 1. Deleting 01 — b gives the same
failure in state 0. Either canonical codebook has value zero. The initial state lets the buyer select
where the missing representation matters.

Theorem 1 (The value of one duplicate representation). There is a decoder using two bits to represent
three actions, with one extra representation (R = 1), and a zero-sum game with supplier payoffs in
[0,1]. The supplier can guarantee one with this decoder. Keeping exactly one representation per
action reduces its guaranteed payoff to zero, whichever copy is removed.

Economic interpretation. A representation can preserve access to an action after a particular public
history. In Kreps’s theory, a menu is valued against uncertain future tastes [Kreps, 1979]. Here the
representation determines which menu is available after the buyer’s response.

3  Why tree structure matters

The first game shows how much a duplicate can matter. We now ask whether the menus alone
describe the available flexibility. To compare interfaces, we use finite games on their continuation
trees. At a public node, the agent chooses a child or another player responds, updating the public
history. At a leaf, the agent completes any action in its menu. The mover, available choices, and
payoffs depend only on the node and public history; we call these rules representation-blind.

Under the same rules, trees that match node for node and have the same menus support corresponding
strategies and payoffs. Removing representations while retaining every action restricts the agent’s
choices and cannot increase its zero-sum value. Appendix A states and proves these supporting
results as Propositions A.1 and A.2. Any costs or side effects of particular spellings must be included
in the public history and payoffs.

The matched trees in Figure 2 show why ancestry matters. Moving two subtrees changes which later
menus the agent can reach from each first choice. The table and calculation below show how this
reverses the optimal first symbol.

Theorem 2 (Ancestry can reverse the first choice). For every message length H > 3, two binary
interfaces can have the same actions, total number of representations, representation count for each
action, and menus at every depth, including repeats. The menu after each first symbol is also the
same. There is a common zero-sum game in which the opponent responds between symbols and the
rules are representation-blind, yet each interface has a unique optimal first symbol and the symbols
are opposite.

Construction and proof sketch. At H = 3, exchange the marked subtrees in Figure 2. Their parent
menus and the lists of menus at each depth are unchanged, while the displayed values give a strict
reversal. For H > 3, append all possible binary strings of length H — 3 to the base messages. Label
each action by the appended string and give these versions the base action’s payoff regardless of later
responses. The first choice still reverses, and the menus match at every added depth. Appendix A
gives the full construction and payoff table; an independent verifier checks message lengths three
through seven. O

A summary ignores ancestry if it is unchanged by subtree exchanges that preserve all the matching
conditions in Theorem 2.

Corollary 1 (Menus at each depth do not determine the optimal choice). Two interfaces can agree
on a summary that ignores ancestry and have different values for their first choices, with opposite
unique optimal first symbols.



Original After exchanging subtrees

{o;{o,m}} [1 : {0,1,3}} {o:{o,l,z}J {1 : {0,1,3}}
)@ o) @) @)
(Vo, V1) = (12, 16) = optimal first symbol 1 (Vo, V1) = (16, 12) = optimal first symbol O

Exchanging the marked subtrees reverses the optimal first symbol

Menu M  Value afterz = 0  Value afterz = 1

0 19 12
{0,1} 19 16
{1,2} 16 5
{1,3} 6 10

The opponent responds after the first and second bits, choosing x then y. Each table entry is W, (M) =
min, maxqenm u(a, z,y): the opponent chooses y, then the agent selects the best action in M. After
each z, the agent takes the better child; the opponent chooses the x giving the lower payoff. For the
original left branch, this gives

min{max(19, 16), max(12,5)} = 12.

Figure 2: A worked ancestry reversal. (Vp, V1) gives the values after first symbols 0 and 1. Exchang-
ing the marked subtrees leaves the four menu values fixed and reverses the optimal first choice.

Appendix A also gives a payoff table where the same two interfaces have different game values.

Economic interpretation. Strategic value depends jointly on which continuation menus occur and
where they occur in public history. Two agents may expose the same menus with the same frequencies
at every stage of a negotiation and nevertheless have different strategic values because each menu
remains reachable after different histories.

4 How many representations are needed?

To formalize the representation requirements, let A be a finite nonempty set of economic actions.
Each message contains H symbols from an alphabet X of size ¢ > 2. The codebook C C %1 is the
set of valid messages, and the decoder D : C — A maps each message to its action. Every action has
at least one representation. Write C(a) = D~ (a) for the representations of a and r, = |C(a)| for
their number. The total number of extra representations is

R(C)=C| = Al =) (ra— 1)

acA
A decoder is canonical when each action has one representation, so r, = 1 for every a.

The continuation menus in Figure 1 are {a, b} after 0 and {b, ¢} after 1. In general, write p < w
when p is a prefix of message w. The continuation menu after p is

Ke(p) ={a € A:Jw € C(a) withp < w}.

Our baseline lets the agent choose its action as it constructs the message. The message is append-only:
each new symbol extends the prefix already shown, and the completed message must contain it
unchanged. The actions available after p are therefore exactly K¢ (p). For two prefixes where neither
extends the other, their continuation menus can contain the same action through different completions.

To record the choices during public interaction, follow the message one symbol at a time and write
the continuation menu at each node. Stop a branch when the remaining symbols become private or
the full message is complete. We call the resulting object a continuation tree, denoted T . Its leaves L
are the points where public interaction ends. At each leaf, the agent may complete any action in its
menu privately.

Write K, for the nonempty menu at node v. The tree has three basic properties. Its root menu is A.
Each child’s menu is contained in its parent’s, and the children together cover the parent menu. Each
public node where play continues retains all valid choices of the next symbol. The last requirement is



called observation completeness. Appendix A gives the formal definition under the name commitment
skeleton.

If the action is fixed before emission, prefixes can reveal it but later feedback cannot change it. When
the agent chooses the action as it writes, play can take the form

S1, T1, S2, Ta,...,SH, D(s1:--sH),

where x; is the response after prefix s;.;. The agent then chooses its next symbol using the response.
Buffering the remainder ends public interaction at the current node; the counterparty sees the later
symbols after the action has been completed.

Cancellation and restart. A costless restart after a response lets the agent choose any action in A
again. Restart or compensation costs can be included as game moves and payoffs; the append-only
baseline rules out restart. This requirement complements work on reversing completed actions [Zhai
et al., 2026].

The alphabet size ¢ counts branches the application treats as different. One symbol may span several
model tokens. A common message length H is a normalization: messages can be padded after the
action binds.

Definition 1 (Representing a continuation tree). A decoder represents 7 if each node’s outgoing edges
can be assigned distinct symbols and the resulting prefix p,, at every node has menu K¢ (p,) = K.
At each nonleaf node, the tree must include all valid next symbols. Completion below a leaf may be
private.

Given a desired continuation tree, we first ask whether any decoder can produce it. We then count the
representations and symbols it needs.

Proposition 1 (When a tree can be represented). A finite continuation tree T can be represented over
a q-symbol alphabet if and only if every node has at most q children, or equivalently A(T) < gq.

Each child needs a different next symbol. Conversely, label the edges with distinct symbols and
assign a completed message to each action in each leaf menu. Appendix A gives the proof.

Call a tree a partition tree when the children of each node have pairwise disjoint menus.

Proposition 2 (Trees with one representation per action). A decoder is canonical if and only if its
full tree is a partition tree. Over a fixed q-symbol alphabet, a continuation tree can be represented by
a canonical decoder if and only if it is a partition tree and A(T) < q.

When two representations of an action first diverge, the action appears in two child menus. A
canonical decoder therefore separates the actions at each branch. If public interaction ends early,
duplicates can first diverge during private completion. The public tree can then be a partition tree
even when the full decoder contains duplicates.

To count the required copies, observe that each representation follows one path through the tree. Each
action therefore needs a representation through every leaf where it must remain available. Let dy be
the depth of leaf ¢, and let m,(7) = |{¢ € L : a € K;}| count the leaves whose menus include a.
The minimum number of representations of a is exactly m, (7).

In Figure 1, b belongs to both menus after the first bit. If public interaction ends there and completion
becomes private, these two nodes are the leaves of the continuation tree. One representation of b
cannot pass through both prefixes, so the second representation is necessary. We also need enough
symbols below each leaf to write every action in its menu.

Theorem 3 (Minimum number and length of representations). For a target continuation tree T over
a g-symbol alphabet with A(T) < ¢,
ra ™ (T) = ma(T),

|C|min(T) = Z |K€|a

teL
Runin(T) = ) _ [ K0| = |4,
teL
Huin(T) = max [de + [log, | Kl]] -



One decoder attains both the minimum number of representations and the minimum common message
length.

Proof sketch. Each completed message crosses exactly one leaf. An action available at m,,(7) leaves
therefore needs a representation through each. Summing over actions gives the minimum total
count and redundancy. Below leaf ¢, message length H allows only ¢ ¢ possible completions, so
realizing K, requires g7 ~9¢ > | K,|. Assign one distinct completion to each pair (¢, a) with a € K,
to attain both minima at once. Appendix A gives the full argument. O

An interface designer can use these bounds to check whether a proposed tree fits a message-length or
representation budget before implementing its decoder. Figure 1 requires four representations, one
extra copy (Rmin = 1), and two symbols per message (Humin = 2). Appendix A also characterizes
the trees that fit a given budget.

Surplus in the two-route example. Return to Figure 1 and suppose the two states are equally
likely. The supplier observes the state before choosing the first bit, and the buyer then requests either
a or b in state 0, or either b or c¢ in state 1, each with probability one half. A match creates one unit of
total surplus for buyer and supplier; a mismatch creates zero.

Interface Probability of matching the request
Both representations of b 100%
Best canonical codebook 75%
Buffered message 50%

Both copies let the supplier satisfy every request. Keeping one copy loses half the requests in one of
the two equally likely states. Buffering commits to one contract before the request, matching half the
requests in either state.

For unequal state probabilities and match surpluses, let Pr(s = 1) = 7 and let a match in state s
create total surplus vs. Write Ag = (1 — m)vg and A; = 7o for the states’ contributions to expected
surplus, and W, W, W for surplus with both copies, the best canonical codebook, and buffering.
Then Wy = Ag + A1, We = A + A1 — %mins A,, and W = %(AO + A;). The canonical
codebook maximizing total surplus preserves both contracts in the state with larger A;. If the supplier
receives share p, of match surplus, the buyer weights that state by B; = (1 — p,) A and preserves
the larger B,. These different weights can make the buyer and a planner maximizing total surplus
prefer different canonical codebooks.

The general surplus formula. The same reasoning applies to any continuation tree. A supplier
observes a market state 6, then chooses a leaf menu. A request for action a arrives with probability
pe(a). The supplier completes the requested action if it remains available. A match creates total
surplus vg; a mismatch creates zero.

Write wy = Pr(0)v for the state’s weight in expected surplus. Define py(K) = >, i po(a) as the
probability that the requested action belongs to menu K. Canonicalization assigns each action to one
leaf where it is available. Let L, = {{ € L:a € Ky} and F(T) ={f: A— L: f(a) € Lo} be
the set of these assignments.

Proposition 3 (Surplus from completing contracts after a request). Expected total surplus is given
below for duplicate representations, the best canonical codebook retaining every action, and buffering,
respectively:

Wu(T) = Z we I}leang(KE)a

W, e
c(T) = fg§)2w9 maxpy (7 (0)),

Wg =Y we max po(a),
0

and Wy (T) > WC(T) > Wpg. F(T)| = [1,ma(T): the number of ways to assign
actions to leaves is determined by the same counts mq(T) that give the representation requirements
in Theorem 3.




The three expressions describe when choices become fixed. With duplicate representations, the
supplier chooses the best leaf menu after observing 6. A canonical codebook first assigns each action
to one leaf through f. Buffering commits the supplier to one action before the request. Appendix A
proves the characterization. Thus, m,, gives the copies needed to keep a available, while the other
actions sharing these menus determine the surplus.

5 Procurement experiment

Do model policies benefit from extra representations when the buyer responds between fields? We
compare realized model payoff with the interface’s exact ideal value V' (C). Instances, prompts,
inference settings, and primary outcomes were specified before model evaluation; Appendix B
records the settings.

The first experiment varies representations (one per action or with an extra copy) and timing (buyer
response between fields or after completion) on 20 independent synthetic procurement games. Each
game uses the same terminal contracts and payoff table across all four conditions. Its canonical
codebook is obtained by deleting extra representations while keeping every action available. The
first field selects a route through the codebook; the second selects an offer on that route. We select
games in which exact backward induction gives opposite unique optimal routes under the two
interleaved codebooks and an optimal payoff advantage of at least two units from multiplicity. From
the procurement objective, two-field schema, and payoff schedule, the model must derive the menus,
values of each route, and optimal route.

Under interleaving, the model first emits only the public routing field. For each possible buyer request,
we ask the model to complete the message and score the chosen action. The outcome is the minimum
payoff across requests. Under buffering, the complete route—offer message precedes the buyer move
and again receives its worst payoff over requests. The primary study evaluates an enumerated set
of adversarial buyer responses. The two-provider demonstration in Section 7 uses an LLM buyer.
Each game contributes one presentation per condition. Route choice order alternates across the 20
games (ten in each order); action rows, response columns, codebook rows, and suffix choices are
shuffled with the generator seed. The design uses 200 planned API calls per model. A failed route
receives zero and ends that condition’s evaluation. Appendix B lists the four conditions and gives the
call accounting.

Write Y1 and Y1 for the noncanonical and canonical payoffs when the buyer responds between
fields, and Yy p and Yo for their buffered counterparts. The interaction / measures how much
responding between fields changes the payoff advantage of extra representations. The realized
flexibility ratio (RFR) divides I by the gap between the exact optimal values V1 and Vior:

I=nr—Ycr)— Yne —Yen), RFR =1/(Vnr — Ver).

Each game is one statistical cluster containing its four conditions. We report the mean interaction
and the mean of the 20 within-game ratios I;/(Vnr; — Vor;). RFR expresses the interaction
relative to the gap between optimal values and can exceed one when canonical play is imperfect.
We report models separately using bootstrap 95% intervals that resample the 20 games, keeping all
four conditions of each game together. The target population is instances from the specified filtered
synthetic generator under the tested model settings. The primary models use the same instances and
prompts. Each uses its provider’s low effort setting, an 8,192-token limit, and structured responses.
Noncompletion receives payoff zero, the minimum generated payoff. Supplementary replications
keep the prompts and analysis; Appendix B separates them from the primary runs.

Results. Extra representations increase payoffs under interleaving by 1.90 units for Gemini and
1.40 for DeepSeek, compared with —0.05 and 0.00 under buffering. This timing difference yields
mean interactions of 1.95 for Gemini (bootstrap 95% interval 1.15-2.80) and 1.40 for DeepSeek
(0.35-2.35); both intervals exclude zero. Their RFRs are 0.683 and 0.550. Table 1 reports these
contrasts, and Appendix B gives all four condition means and exact ideal values.

Gemini completes all 200 logical API calls. Five DeepSeek route calls exhaust the original allowance
and receive zero: four noncanonical and one canonical. A supplementary sensitivity analysis therefore
raised only the allowance to 65,536 tokens. All 200 calls then completed: interaction 1.95 (1.25-
2.60), ratio 0.700 (0.450-0.900), buffered contrast 0.00, and increase in the interaction relative to the
original budget: 0.55 (—0.70-1.90).



Table 1: Procurement results on the same 20 games. The first two rows are primary estimates;
denotes supplementary replications (DeepSeek V4 Pro; Gemini 3.1 Pro Preview). Interl. and Buff.
give the payoff advantage of extra representations when the buyer responds between fields and after
completion, respectively. Their difference is the interaction. RFR averages the interaction divided by
each game’s exact optimal-value gap. Brackets give bootstrap 95% intervals; for DeepSeek V4 Pro
RFR 1.000 records attainment of the ideal interaction gap in all 20 games.

Model Interl. Buff. Interaction [95% CI] RFR [95% CI]
Gemini 3.6 Flash +1.90 -0.05 +1.95 [1.15, 2.80] 0.683 [0.417, 0.967]
DeepSeck V4 Flash +1.40 +0.00 +1.40 [0.35, 2.35] 0.550 [0.150, 0.900]
DeepSeck V4 Prof +2.65 +0.00 +2.65 [2.35, 2.95] 1.000

Gemini 3.1 Pro Preview” +2.00 +0.00 +2.00 [1.40, 2.55] 0.750 [0.550, 0.900]

The larger-model replications show a similar pattern: both complete all 200 calls and have a buffered
contrast of 0.00. DeepSeek V4 Pro yields interaction 2.65 (2.35-2.95) and RFR 1.000; the ideal
interaction gap was attained in all 20 games. Gemini 3.1 Pro Preview yields 2.00 (1.40-2.55) and
RFR 0.750 (0.550-0.900), with positive interaction in 15/20 games. The interaction persists for both
larger models.

6 Ancestry experiment

The second experiment asks whether models choose the optimal first symbol on the matched trees
in Figure 2. Each game pairs an original tree with a subtree-exchanged version, as in Theorem 2.
The pair shares its payoff table, actions, total representation count, count for each action, menu after
each first symbol, and menus at every depth, including repeats. Exact backward induction gives the
pair opposite unique first symbols with a gap of at least two. A separate sample contains 20 games,
ten each with messages of length five and six. Two counterbalanced displays per interface yield
80 API calls per model. Messages are extended as in the theorem’s proof. The benchmark draws
fresh payoffs for complete sequences of responses and keeps games in which every response round
affects some payoff and, for each original action, changing the appended string can change its payoff.
DeepSeek V4 Flash uses provider-defined high effort and a 96,000-token maximum; Gemini 3.6
Flash uses high thinking and the documented 65,536-token (64K) maximum [Google, 2026a]. The
primary outcome is success on all four calls: the optimal first symbol for each interface under each
display order. We call this a successful quartet, and count noncompletion as failure.

Results. Each model family solves 17/20 quartets (85%; Wilson 95% interval 64.0-94.8%). For
message lengths five and six, quartet success is 10/10 and 7/10 for DeepSeek and 9/10 and 8/10
for Gemini. Five of the six quartet failures occur with six-symbol messages. In the five calls that
completed with an incorrect answer, the optimal choice appeared second in the displayed options.
Because the correct option changes position, a fixed preference for the first displayed option cannot
pass both display orders. Appendix B reports outcomes per pair and per call, and output lengths.

Shared scoring and reproducibility. Exact backward induction supplies answer keys and ideal
values for both experiments. The supplement provides code, instance tables, prompts, model
responses, and calibration and inference-budget diagnostics [DeepSeek, 2026, Google, 2026b].

7 Implementation in an agent runtime

In a recorded interaction, the supplier exposes {"minimum_units":200,. The buyer can commit to
an order quantity (volume_commitment) or request a fixed price (price_lock). Completing the
same saved prefix after each response gives the following quotes:

Exposed field Buyer response Final price  Minimum quantity
minimum_units:200 Volume commitment $95 200
minimum_units:200 Price lock $105 200




The volume response comes from the recorded interaction; the price-lock response is a replay from
the same prefix. The unfinished price changes while the 200-unit minimum stays fixed.

Our implementation uses a Gemini 3.1 Pro Preview supplier, a separately called DeepSeek V4
Pro buyer, and LangGraph. The supplier submits a quote with fields unit_price_usd and
minimum_units; either JSON member order encodes the same quote [Bray, 2017]. LangGraph
saves the first field and value before pausing. After the buyer responds, a new model call chooses
the remaining field’s value, and the runtime combines it with the saved field. Four timed replays
verify prefix preservation and changes in completion based on the response. Appendix B gives the
full comparison of representations, timing, and supplier payoffs.

Four conditions make the mechanism possible. F is persistent exposure: a prefix is public before
completion and replacing it has a cost. R is a response to this prefix before completion. A is the
ability to choose the remaining symbols based on the response. M is semantic multiplicity. Buffering
or costless cancellation disables £'; delaying the response until completion disables R; fixing the full
message in advance disables A; canonicalization disables M.

The trace verifier checks three features: whether the runtime supplies E, R, A, M, whether the
supplier changes its completion when the buyer’s response changes, and whether representation and
timing affect payoffs. Table 6 in Appendix B summarizes the available runtime features. Streams
expose prefixes, standard human review pauses completed calls, and LangSmith accepts input during
arun. The application determines how an unfinished call is retained [LangChain, 2026, Runkle and
Trivedy, 2026].

A buyer acting on an exposed field can make withdrawal costly, and buffering delays execution
[Rundgren et al., 2020, Bromme, 2026, Xu et al., 2024].

8 Related work and scope

An extensive-form game represents each public choice as a node once the tree is specified [Schelling,
1960, Bizzotto et al., 2026, Halpern et al., 2016]. We ask how the interface’s accepted representations
produce this tree and how many copies of each action it requires; Proposition A.1 shows which details
can be renamed without changing strategies or payoffs.

Models of gradual contributions make partial actions depend on earlier moves [Admati and Perry,
1991]. In Compte and Jehiel [2004], a concession raises the other party’s payoff from opting
out, inducing gradual concessions through history-dependent outside options. Here the decoder
determines which terminal actions remain reachable after an exposed prefix. Switching costs can
make commitment endogenous [Caruana and Einav, 2008], and limited- or dynamic-commitment
models restrict the player’s feasible set [Bizzotto et al., 2026, Bade et al., 2009, Dutta and Ishii,
2016]. Observable-commitment work studies noisy complete actions [Bagwell, 1995, van Damme
and Hurkens, 1997]; the signals here are incomplete prefixes. Models of revision and reversibility
price deadlines and abandonment [Kamada and Kandori, 2020, Zhai et al., 2026].

Communication-complexity work counts the messages needed to implement or verify social choice
[Nisan and Segal, 2006, Segal, 2007]. Theorem 3 does so for representations of a continuation tree.
Information design structures messages for receivers [Crawford and Sobel, 1982, Kamenica and
Gentzkow, 2011, Doval and Ely, 2020]. Here, additional copies expand the sender’s continuation
opportunities. Process encodings and computational games refine atomic choice [Nestmann and
Pierce, 2000, Gorla, 2010, Halpern et al., 2016], without counting action copies or tracking menu
ancestry. Constrained decoding enforces validity [Scholak et al., 2021, Dong et al., 2025, Banerjee
et al., 2025]. Work on agents studies tool execution, disclosure, and economic interaction [Schick
et al., 2023, Xu et al., 2024, Biswas et al., 2026, Wei et al., 2026, Fish et al., 2024]; benchmarks such
as GLEE measure self-gain, efficiency, and fairness across economic environments [Shapira et al.,
2024], whereas our paired design isolates representation and timing on fixed payoffs.

Scope. The experiments use synthetic games selected to contain the mechanism and a runtime
configured to expose and preserve partial proposals. Deployment frequency and adoption costs
(migration, latency, cancellation) remain open. Multiple representations can also preserve choices an
observer believes were ruled out [Brémme, 2026].
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A Complete proofs and formal definitions

This appendix restates the formal development and gives complete proofs for every numbered result
in the main text, together with the auxiliary lemma, corollary, and separation whose complete proofs
appear here. Results use the numbering of their main-text counterparts and are cross-referenced
accordingly. Supporting results stated only here have appendix numbers.

Streamed action interfaces

Let A be a finite nonempty set of terminal economic actions and let 3 be a finite alphabet with
q = |¥| > 2. A fixed-horizon streamed action interface is a pair (C, D), where C C L is a
nonempty codebook and D : C — A is surjective. The representation class and multiplicity of action
a are

Cla)=D"Ya),  ra=|[C(a)l.

The interface’s total representation redundancy is

REC)=C| — A=) (ra—1).

acA

For every prefix p of at least one codeword, define its continuation menu
Ke(p) ={a € A: Jw € C(a) with p < w}.
Thus K¢(p) is the feasible-action correspondence after p. At depth ¢, the reduced marginal cover is
Mi(C) ={Kc(p) : |p| = ¢, p 2 w for some w € C},
where repeated menu labels are removed.

The full decoder tree contains all valid prefixes through depth H. A strategic truncation selects the
prefixes at which representation histories remain publicly payoff-relevant. We impose the following
completeness condition, which is needed for the necessity direction below: whenever a selected
strategic node is not a strategic leaf, all of its valid one-symbol children are selected. We call such
a truncation observation-complete. Its leaf set is a prefix-incomparable cut: after a leaf is reached,
completion may proceed privately and no descendant of that leaf is another strategic node.

Abstract commitment skeletons and serializability

Definition (Commitment skeleton). A finite commitment skeleton on A is a finite rooted tree
T = (V,E,{K, },cv) whose node labels are nonempty subsets of .A and which satisfies:

(1) Kroot = A;
(i) K, € K, whenever w is a child of v;
(iii) UueCh(v) K, = K, at every nonleaf v.

Its strategic frontier L is its leaf set. Its maximum outdegree is denoted A(7T"). The skeleton is a
partition skeleton if sibling labels are pairwise disjoint at every nonleaf.
This abstract target specifies which actions must remain executable after each public history.

Definition (Representing a continuation tree; Definition 1 in the main text). A streamed interface
(C, D) realizes T over % if outgoing edges at each node can be injectively labeled by symbols in 3,
thereby assigning each v a root-to-v prefix p,,, such that

Ke(py) = K, for every v € V.

At every nonleaf v, the prefixes assigned to its children must be exactly all valid one-symbol
extensions of p, (observation completeness). Prefixes below py, £ € L, are private or otherwise
strategically irrelevant and need not be nodes of 7.

Lemma (Leaf union). For every node v of a commitment skeleton,

K, = U K.

e L: £ descends from v
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Proof. Use backward induction on the height of v. The statement is immediate at a leaf. At a nonleaf,
substitute the induction hypothesis for every child into the child-cover condition. O

Proposition (When a tree can be represented; Proposition 1). A finite commitment skeleton T is
realizable over a q-symbol alphabet if and only if A(T) < q. Equivalently, an observation-complete
strategic truncation of a streamed q-ary decoder is exactly a commitment skeleton of maximum
outdegree at most q.

Proof. For necessity, label each selected prefix by its decoder-induced menu. A valid child prefix
can only remove completions, so its menu is contained in the parent’s. Observation completeness
implies that the valid one-symbol children collectively contain every completion below the parent
and hence cover the parent menu. There are at most ¢ distinct one-symbol children. The root menu is
A by surjectivity.

For sufficiency, injectively label each node’s outgoing edges by symbols of ¥, and let p, be the
resulting path string. For a leaf ¢ of depth dy, choose one distinct completion below p, for every
a € K, and decode that completion to a. A finite common horizon with enough such completions
exists; the exact least horizon is established below. Different leaf prefixes are incomparable, so
completions chosen below different leaves cannot collide. By the leaf-union lemma, the set of
decoded actions below p,, is exactly K, at every target node. Thus the constructed interface realizes

T. O

Canonicality

Call a decoder canonical if r, = 1 for every a € A.

Proposition (Trees with one representation per action (full tree); first half of Proposition 2). A
fixed-horizon decoder is canonical if and only if its full decoder tree is a partition tree.

Proof. Suppose first that the decoder is canonical. If an action belonged to two sibling menus, its
unique codeword would have to extend two distinct one-symbol children of the same prefix, which is
impossible. Since sibling menus always cover the parent, they form a partition.

Conversely, suppose the full decoder tree is a partition tree. If distinct codewords w, w’ decoded to
the same action a, let p be their longest common prefix. At the next symbol, the strings enter different
children of p, placing a in two sibling menus and contradicting partition branching. Surjectivity then
gives exactly one codeword per action.

Proposition (Trees with one representation per action (public tree); second half of Proposition 2).
Over a fixed alphabet of size q, a commitment skeleton admits a canonical realization if and only if it
is a partition skeleton and A(T) < q.

Proof. In a canonical realization, an action cannot occur in two sibling menus: its unique codeword
traverses only one child. Hence the realized skeleton is a partition skeleton, and injective edge labels
require A(7) < q.

Conversely, assume A(7) < ¢. Recursive partitioning implies that every action belongs to exactly
one frontier label. For each a, assign one distinct completion below the unique leaf ¢ for which
a € Ky, and decode it to a. The construction in the proposition on representing a tree realizes all
target labels and uses exactly one codeword per action. O

Remark. The preceding result is existential. A noncanonical decoder can induce a partition skeleton

above the strategic frontier if duplicate representations diverge only below that frontier. A truncated
partition skeleton can therefore arise from either a canonical or a noncanonical decoder.

Exact representation resources

Fix a commitment skeleton 7~ with frontier L, and let d; denote the depth of leaf /. Define the frontier
multiplicity of action a by

mq(T)=1{l € L:ac Ky}
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Theorem (Minimum number and length of representations; Theorem 3). Fix a g-symbol alphabet
and assume A(T) < q. Among all realizations of T over this alphabet,

ra™(T) = ma(T),
Clmin(T) = Z ma(T) = Z | Kol

acA el

Rmin(T) = Z |Kf| - |"4|

LeL

If all codewords must have a common horizon over a q-symbol alphabet, then the exact minimum
horizon is
Hmin(T) = I}leaLX I:d[ + ﬂqu |Kg|-H .

The codeword-count and horizon minima are jointly attainable.

Proof. A completed codeword crosses exactly one frontier leaf because L is a prefix-incomparable
cut. If @ must remain feasible at m,, (7) different leaves, at least that many codewords must decode
to a. This gives r, > m,(7T) and, after summing, the claimed lower bounds for codeword count and
redundancy.

Below a leaf ¢ at depth dy, a common horizon H provides only ¢~ distinct suffixes. Realizing
every action in K, therefore requires
qH_dé > |K 4 |7

which is equivalent to the stated leaf-specific horizon lower bound. Taking the maximum gives the
global lower bound.

Set H equal to that maximum. For each pair (¢, a) with a € K, choose a distinct suffix of length
H — dy below py and decode the resulting codeword to a. The leaf-specific bound supplies enough
suffixes; prefix incomparability prevents conflicts between leaves. This uses exactly one codeword
per incidence (¢, a), attaining both lower bounds simultaneously. O

Corollary (Budget-feasible capacity region). A rarget skeleton is implementable over a q-symbol
alphabet within maximum redundancy Ry, .x and maximum common horizon H .. if and only if

A(T) S q, Rmin(T) S Rmax; Hmin(T) S Hmax~

Proof. Necessity follows from serializability and the two resource lower bounds. Their joint con-
struction proves sufficiency. O

Strategic information in the history-indexed tree

The baseline is append-only within one proposal: every payload that binds on the active path must
extend each public prefix already emitted. Four conditions mark the activation boundary. Let F/
denote persistent exposure before binding: a proper prefix is public and cannot be replaced by a
fresh proposal without a payoff-relevant cost; in the append-only baseline, any payload that binds
must extend it. Let R be an external response to that prefix, A the agent’s ability to condition a later
symbol in the same proposal on the response, and M semantic multiplicity. Each condition has a
distinct role: £ makes public history constrain the active serialization; R inserts an external move; A
leaves the suffix responsive; and M keeps an action feasible after incomparable prefixes. Together
they define the domain in which duplicate-representation, response-conditioned continuation can
generate a payoff-relevant effect.

If, after a response, the agent may discard a prefix p and initiate any fresh codeword at zero cost, its
effective menu resets to .4 and multiplicity adds no feasible-action capacity. A positive restart or
compensation cost can be represented by adding a cancellation action and the corresponding protocol
transition and payoff. The present skeleton rules out restart.

We now state exactly which game data the representation quotient retains.
Definition A.1 (Game rules on a continuation tree). Fix a commitment skeleton

T =V, E, (Ky)vev)-
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A finite perfect-information protocol game on 7T is a tuple

r= (N7 Za 20, Ly (Bi)iENU{S},g7 (uZ)ZGNU{S})

Here S is the agent; N is a finite set of external players; Z is a finite protocol-state space encoding
public external history and timing; and zp € Z. A nonterminal public state is (v,z) € V x Z. The
controller ¢(v, z) € N U {S} has a finite action set B,, . (v, 2).

If S moves at a nonleaf v, its legal actions are exactly Ch(v); choosing child w changes the public
state to (w, g(v, z, w)). If an external player chooses x, the next state is (v, g(v, z, x)). At a frontier
leaf ¢, S privately chooses any a € K, and play terminates with payoff u;(a, z) to each player. The
induced transition graph is acyclic. The game is representation-blind because ¢, B;, g, and u; are
defined on the abstract state (v, z) and never take a literal prefix, edge symbol, private suffix, or
codeword spelling as an argument.

The state z is unrestricted beyond finiteness: it can retain the full ordered external history, mover
identities, public randomization already realized, and any protocol clock affecting future opportunities.
Thus representation-blindness removes spelling while retaining payoff-relevant history.

Let ¢ : T — T’ be arooted tree isomorphism with K,y = K, for all v. Transport a protocol kernel
to 7" by replacing (v, z) with (¢(v), z), mapping an agent choice w to ¢(w), and leaving external
actions, transitions, and payoffs unchanged.

Proposition A.1 (Matching trees give the same strategies and payoffs). For any representation-blind
protocol kernel transported through ¢, there is a bijection between behavioral-strategy profiles that
preserves the distribution of terminal pairs (a, z) and every player’s expected payoff. Consequently
attainable payoff profiles, Nash equilibria, subgame-perfect equilibria, and their welfare levels
correspond. In a two-player zero-sum game, the minimax values are equal.

Proof. Map a public history ending at (v, z) to the history with identical external actions ending at
(¢(v), z). At an agent move, map child w to ¢(w); at an external move, preserve the action; and at a
frontier leaf, preserve a because K () = K. Induction over the acyclic transition graph yields a
bijection of complete histories preserving terminal (a, z) and all payoffs.

Apply the history map at each decision point to transport behavioral action probabilities. This bijects
strategy profiles and preserves outcome distributions profile by profile. A profitable deviation on one
side therefore transports to one on the other, including in every proper subgame. The equilibrium,
payoff, and welfare claims follow. Taking max—min proves the zero-sum specialization. O

The quotient discards literal symbols, complete codewords, multiplicity below the strategic frontier,
and private suffix depth. It retains the full action-labeled ancestry and z. Symbol-specific information,
costs, or side effects must be added to z, g, or u;; otherwise the game lies outside the result.

Canonicalization and the value of flexibility

Call C’ C C an action-surjective pruning when D|c: : C' — A remains surjective. The protocol is
restricted to the retained prefix subtree, with timing and payoff data unchanged at retained histories.

Proposition A.2 (Value after removing representations). Fix a two-player zero-sum protocol game
with representation-blind rules. Every action-surjective pruning satisfies V(C') < V(C).

Proof. Every agent strategy on the pruned tree is available on the original tree. Any opponent strategy
on retained histories can be extended arbitrarily to deleted histories, which the pruned strategy never
reaches. Thus pruning only restricts the maximizing player’s strategic set, proving the inequality. [

One redundant representation can carry the entire normalized economic value.

Theorem (The value of one duplicate representation; Theorem 1). There exists a binary horizon-two
decoder over three actions with redundancy one and a representation-blind game with payoffs in
[0, 1] such that the decoder has value one; every action-surjective canonical pruning has value zero.

Proof. Let
00 — a, 01 — b, 10 — b, 11— c.
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The first-bit menus are {a, b} and {b, ¢}, action b has multiplicity two, and the other actions have
multiplicity one, so R = 1.

The buyer who minimizes the supplier’s payoff first chooses a publicly observed state s € {0, 1}. The
supplier emits the first bit, the buyer observes it and chooses y € {0, 1}, and the supplier completes.
The supplier payoff is one exactly for

(s,y,a) =(0,0,a), (0,1,b), (1,0,b), (1,1,¢),

and is zero otherwise. In state zero, the supplier chooses prefix 0 and then selects a after y = 0 or b
after y = 1. In state one, it chooses prefix 1 and selects b after y = 0 or c after y = 1. It guarantees
one.

Every canonical action-surjective pruning retains 00 and 11 and exactly one representation of b. If
it deletes 10, the buyer selects s = 1: after either retained first bit it can choose a y leaving no
payoftf-one completion. If it deletes 01, the symmetric argument with s = 0 applies. These are the
only canonical action-surjective prunings, so all have value zero. O

Adaptive matching and interface design

Fix a commitment skeleton 7~ with frontier L. For each action let L, = {¢ € L : a € K;} and define
the set of canonical selectors

F(T)={f: A= L: f(a) € Ly}.

Nature draws a finite market state 6, observed by the supplier before it selects a frontier leaf. A
request is then drawn, with conditional probability py(a) that action a is efficient. A match creates
surplus vg > 0 and a mismatch creates zero. Write wy = Pr(0)vg and pg(K) = > . ; po(a).

Proposition (Surplus from completing contracts after a request; Proposition 3). The welfare under
multiplicity, the welfare-best action-surjective canonical pruning, and buffering are

W (T) = Z’we max py (K),
—1
We(T) = [max Zwe r(gleagpa (0)),

Wg = Z we ?Ea(pg(a).
0

They satisfy Wi (T) > We(T) > Wp.

F(D)l = 11 ma(T).

Proof. After observing 6, the supplier selects a frontier leaf before the request arrives. Conditional
on leaf ¢, it can match precisely the requests in Ky, giving expected state-6 surplus vopg(Kp).
Optimizing leaf choice and averaging over states gives Wy (7).

Use the minimal realization constructed in the proof of the exact resource theorem: it contains one
codeword for every frontier incidence (¢, a) with a € K. An action-surjective canonical pruning
retains exactly one such word for each action. It is therefore equivalent to selecting f(a) € L,
and the retained menu at leaf £ is f~1(¢). Conversely, every f € F(T) defines such a pruning.
Optimizing the supplier’s leaf state by state and then the ex ante pruning gives W (7). Because the
choice of f(a) has |L,| = mq(T) possibilities independently for each action, | F(7)| = [[, ma(T).

Under buffering, the supplier observes 6 and then selects one complete action before the request,
which gives Wp. For any selector f, f~1(¢) C Ky, so Wi (T) weakly exceeds the welfare of that
canonical pruning and hence W (7). For every action a, the leaf f(a) contains all request mass on
a under the pruning. Thus, state by state,

max py(f~ Y1) > max po(a),

which proves W¢(T) > Wp. O
Corollary (Surplus in the two-route example; example preceding Proposition 3). Use the decoder

00 — a, 01 — b, 10 — b, 11— c.
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Nature draws s € {0, 1} before the first bit, with Pr(s = 1) = w, and a request y € {0,1} with
Pr(y=0]|s) =Pr(y =1|s) = 1/2 before the second. The requested contracts are a, b in state 0
and b, c in state 1. Thus po(a) = po(b) = 1/2 and p1(b) = p1(c) = 1/2, with all other conditional
request probabilities zero. A match creates surplus vs > 0, of which the supplier receives share
ps € (0,1). With Ag = (1 — m)vg and A1 = vy,

Wy = Ag + Ay, WC:A0+A17%HlSiHAS, WB:%(A()*FAl)

The canonicalization loss is borne by the lower- A state and divided between supplier and buyer in
shares ps and 1 — py.

Let B; = (1 — ps)As. If flexibility additionally shifts a transfer T > 0 from buyer to supplier, the
buyer prefers it to its best canonical pruning if and only if T < % ming Bg. If b is the buyer’s net
engineering benefit of streaming relative to buffering, its best canonical streamed design weakly
dominates buffering if and only if b > —% maxg Bs.

Proof. The two frontier menus are {a, b} and {b, c}. Hence multiplicity matches both requests in
either state. A canonical selector must assign b to one leaf: assigning it left gives A + %Al, and
assigning it right gives %Ao + A;. Buffering matches one of two requests in each state. This proves
the welfare formulas. The welfare-best pruning preserves the state with larger A; the buyer-best
pruning preserves the state with larger B;. These choices can diverge. Applying the same losses to
supplier and buyer shares and rearranging after adding 7 or b gives the remaining claims. O

Marginal-cover insufficiency

Theorem (Intertemporal separation). Terminal action sets, action multiplicities, total redundancy,
and the reduced cover My at every depth do not jointly determine strategic value. In particular, two
length-three binary interfaces can agree on all these objects and nevertheless have values 1 and 0 in
the same representation-blind interleaved zero-sum game.

Proof. Let A ={0,1,2,3} and define two interfaces by
w ‘ 001 010 011 100 101 110 111

De(w)| 0 1 2 0 1 1 3

Both multiplicity vectors are (2,3, 1,1) and both redundancies are 3. Their reduced covers are
identical at every depth:

Mo = {{Ov L2, 3}}’
My ={{0,1,2},{0,1,3}},
My = {{0}7 {07 1}7 {17 2}7 {17 3}}a
Ms = {{0}, {1}, {2}, {3}}.
The ancestry coupling differs. Under C,
depth-one menu | depth-two children

{0,1,2} {0},{1,2}
{0,1,3} ‘ {0,1},{1,3},

{0,1,2} | {0,1},{1,2}
{0,1,3} | {0},{1,3}.

The agent emits a first bit; the opponent observes it and chooses € {0,1}. The agent emits a
second bit; the opponent observes it and chooses y € {0, 1}. The agent emits the final bit and thereby
chooses a decoded action. Its payoff is

| (z,y)=00 01 10 11

Under C’ the children are

a=20 0 0 0 1
a=1 0O 0 1 0
a=2 0O 0 0 O
a=3 11 0 0.
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The opponent minimizes. For a depth-two menu M, define

We(M) = mi T, Y).
0= oty el

The only values needed for backward induction are
| {0} {01} {1,2} {13}

Wo 0 0 0 1
Wy 0 1 0 0.

Under C, selecting the depth-one menu {0, 1,3} gives
min max{W5({0,1}), Wo({1,3})} = 1,

so the agent guarantees 1. Under C”, the two depth-one branches have respective values
min max{W,({0,1}), W,({1,2})} =0,
min max{W, ({0}), W.({1,3})} = 0.

Thus the opponent forces 0 after either first bit. Hence V' (C') = 1 and V(C”) = 0 despite equality of
every claimed marginal statistic. O

The value separation above allows a literal first symbol to carry a different menu across interfaces.
The next result rules out that simpler explanation and strengthens equality of reduced covers to
equality of menu multisets.

Theorem (Ancestry can reverse the first choice; Theorem 2). For every horizon H > 3, there are
two binary streamed interfaces and one representation-blind interleaved zero-sum game such that:

(i) their terminal action sets, codeword counts, action multiplicities, and multisets of continuation
menus at every depth are identical;
(ii) after each literal first symbol, the two interfaces expose the same continuation menu; and
(iii) each interface has a unique optimal first symbol, and those symbols are opposite.

Proof. At horizon three, use

w | 000 001 010 011 100 101 110 111

De(w)| - 0 1 2 0 1 1 3
Doitw)| 0 1 1 2 — 0 1 3
Both interfaces have multiplicities (2, 3,1, 1). After literal root symbol 0, both menus equal {0, 1, 2};

after literal symbol 1, both equal {0, 1, 3}. Their depth-two menu multisets both equal

[{0},{0,1}, {1, 2}, {1,3}],

C' exchanges the subtrees labeled {0} and {0, 1} between the two root histories. All other depth-wise
menu multisets coincide by direct enumeration.

Let the opponent move after depths one and two, and use the common payoff table

| (x,y)=00 01 10 11

0 19 20 12 16
1 16 5 16 3
2 4 20 6 5
3 126 9 10.

Exact backward induction gives root-choice values
(GC(O)a GC(l)) = (127 16)7 (C;CJr (0)7 Gei (1)) = (16a 12)

The literal root menus and the unordered root-value pair are therefore matched, yet the unique optimal
first symbol reverses.
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For H = 3 + k, append every binary suffix z € {0, 1}* to each base codeword and replace base
action a by the terminal action (a, z). Each (a, z) inherits the multiplicity of a. At depths through
three, every base menu is replaced by the union of the corresponding action blocks. At a later depth,
a prefix menu consists of the suffix extensions of one base action. Its multiplicity depends only on the
matched base-action multiplicity. Thus menu multisets agree at every depth and literal root menus
remain equal. Give (a, z) the displayed base payoff for the first two opponent replies, independently
of z and later replies. Backward induction then preserves the two root-value vectors, proving the
claim at every finite horizon. O

Call an interface summary depth-anonymized if it is invariant to re-parenting subtrees whenever
terminal actions, codeword counts, action multiplicities, literal root menus, and the multiset of
action-labeled menus at every depth are preserved.

Corollary (Menus at each depth do not determine the optimal choice; the corollary of Section 3).
No depth-anonymized interface summary is strategically sufficient for every representation-blind
interleaved game: equality of the summary can coexist with different root-action value vectors and
opposite unique optimal first symbols. A separate common payoff table on the same interface pair
also separates scalar game values.

Proof. The preceding theorem’s interfaces preserve every quantity in the definition. Its payoff
table gives action-value vectors (12, 16) and (16, 12), proving opposite unique first symbols. Both
optimized values are 16.

For scalar separation, use the binary payoff table from the intertemporal separation proof on the
same literal-root-matched pair C,Ct. With W, (M) = min, max,ens u(a, z,y), the rows for
menus {0}, {0,1},{1,2},{1,3} are (0,0,0,1) at z = 0 and (0,1,0,0) at z = 1. In C, branch 0
has value min{max(0, 0), max(0,0)} = 0 and branch 1 has value min{max(0, 1), max(1,0)} =
1. In CT, branch 0 has value min{max(0,0), max(1,0)} = 0, and branch 1 has value
min{max(0, 1), max(0,0)} = 0. Hence their vectors are (0,1) and (0, 0), and their scalar game
values are 1 and 0. The two payoff witnesses establish the two insufficiency claims separately. [

Executable checks. The supplementary code contains four independent verifiers: one for the
one-copy value of flexibility, one for the adaptive-matching characterization, one for the horizon-three
separation, and one for the all-horizons ancestry family through horizon seven. They enumerate
policies, prefix menus, or backward induction as appropriate and are covered by the standard-library
test suite.
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B Experimental condition levels and settings

Table 2: The four procurement conditions.

Condition Model policy evaluated

Noncanonical, interleaved Choose a route, observe a request, complete with the redundant codebook.
Canonical, interleaved Same sequence with one representation per action.

Noncanonical, buffered Complete the redundant message before the request.

Canonical, buffered Complete the canonical message before the request.

Table 3: Mean payoffs in the four conditions over the same 20 procurement games. NI/CI use
extra/one representation per action with a response between fields; NB/CB are the corresponding
buffered conditions. Optimal values are computed separately in every game before averaging; each
model uses the same answer keys. Noncompletion scores zero.

Model or exact policy NI CI NB CB
Exact optimal policy 545 280 240 240
Gemini 3.6 Flash 450 2.60 235 240
DeepSeek V4 Flash 375 235 240 240
DeepSeek V4 Flash (65K sensitivity) 4.75 2.80 2.40 2.40
DeepSeek V4 Pro 545 280 240 240
Gemini 3.1 Pro Preview 480 280 240 240

Table 4: Inference settings for the reported procurement runs. Each uses the same 20 games, prompts,
structured choices, and analysis. Effort scales are provider-specific. The larger-budget Flash run is
supplementary.

Endpoint Status Effort Token maximum
Gemini 3.6 Flash Primary Low 8,192
DeepSeek V4 Flash Primary Low 8,192
DeepSeek V4 Flash Budget sensitivity Low 65,536
DeepSeek V4 Pro Supplementary replication Low 65,536
Gemini 3.1 Pro Preview  Supplementary replication =~ Low 8,192

Call accounting and intervals. Two buffered calls and, for each of the two interleaved codebooks,
one route call followed by three request-specific completion calls give 20[2+2(1+3)] = 200 planned
logical API calls per model. A failed route call ends its condition without the three completions.

The 8,192-token Flash runs are the primary procurement analyses. After those results, the DeepSeek
allowance sensitivity and both replications with larger models were specified separately and executed
with unchanged instances, prompts, and analysis. Each study’s addendum records its specification
date and instance and prompt hashes. The four-call timestamped runtime replay followed the original
implementation study with eight traces and holds each buyer response fixed.

Gemini Flash, the DeepSeek budget sensitivity, DeepSeek Pro, and Gemini Pro have 200 finalized
logical calls each. Primary DeepSeek Flash has 185 because five failed route calls skip 15 continua-
tions. Transport-only errors are retried independently of policy outcomes: counts are respectively
0, 1, 0, and 148 for those four complete runs, and 1 for primary DeepSeek Flash. The confirmatory
procurement generator uses seed 20260819. Bootstrap means use 20,000 draws of 20 games with
replacement, with seed 20260818 for the interaction and 20260819 for RFR. Saved JSON records
include payoffs, model versions, responses, and transport errors. Transport errors are excluded
from behavioral outcomes; analysis uses structured choices and leaves chain-of-thought content
unexamined.

Additional ancestry outcomes. For both models, 37/40 interface pairs are successful: both inter-
faces yield the optimal first symbol within one display order. Each model selects the optimal symbol
in 77/80 individual calls. A quartet contains both interfaces in both display orders, giving four calls
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per game. DeepSeek’s mean output length by message length ranges from 22.6k to 59.0k tokens;
Gemini’s ranges from 20.0k to 35.7k tokens. These are output-use summaries for the same runs.

Runtime payoffs and alternative suppliers. The implementation compares two payoff schedules,
labeled demand_risk and input_cost_risk, under the four representation—timing conditions. The
optimal first field is minimum_units in the first schedule and unit_price_usd in the second. All
eight recorded supplier payoffs equal the values computed by exact backward induction for their
respective games (Table 5).

Table 5: Supplier payoffs in the two runtime schedules (thousands of USD). Observed payoffs use
the Gemini 3.1 Pro Preview supplier and DeepSeek V4 Pro buyer; exact values are computed by
backward induction.

demand_risk input_cost_risk
Condition Observed Exact Observed Exact
Noncanonical, interleaved 8 8 8 8
Canonical, interleaved 1 1 8 8
Noncanonical, buffered 1 1 1 1
Canonical, buffered 1 1 1 1

For demand_risk, the interaction is (8,000 — 1,000) — (1,000 — 1,000) = 7,000 dollars under the
constructed payoff schedule. Earlier runs using DeepSeek V4 Flash and DeepSeek V4 Pro as supplier
attained the exact game value in seven and six of the eight conditions, respectively. The successful
eight-condition run uses Gemini as supplier and DeepSeek as buyer. The separate four-call replay
fixes the buyer’s response from saved prefixes to show how the completion changes.

Table 6: Runtime support for the four conditions. E requires a public prefix that must be kept or
replaced at a cost. “Cfg.” means the feature depends on the application’s configuration. The final row
includes a record of when each step occurs.

Pattern FEF R A M Runtime behavior

Buffered tool call (final eventonly) no no no cfg. Binding waits for validated completion.
OpenAl/Claude argument stream- cfg. cfg. cfg. cfg. The client determines whether a partial call is

ing [OpenAl, 2026, Anthropic, retained or discarded.

2026]

Conveyor partial execution [Xu yes yes no cfg. Execution overlaps decoding with a fixed contin-
et al., 2024] uation.

LangSmith streamed run with in- cfg. yes cfg. cfg. Input during a run preserves progress; the graph
terrupt input [Runkle and Trivedy, decides how to retain an unfinished call.

2026]

LangGraph JSON quote (ours) yes yes yes yes The first member persists; the response selects
the remaining member.
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NeurlIPS Paper Checklist

1.

Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the paper’s
contributions and scope?

Answer: [Yes]

Justification: The abstract and Section 1 state the theory and empirical claims. Sections 5—7 report
the experimental and implementation results, and Section 8 states the scope.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: Sections 2—4 state the theoretical domain; Sections 5—7 delimit the synthetic and
implementation evidence, sample uncertainty, provider-specific compute, and policy dependence.
Section 8 consolidates the activation and adoption boundaries.

. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and a
complete (and correct) proof?

Answer: [Yes]

Justification: Sections 2—4 state the assumptions and give proofs or proof sketches for every
numbered result; Appendix A gives the complete proofs, including the auxiliary lemma and
corollary and the all-horizons ancestry construction.

. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main experi-
mental results of the paper to the extent that it affects the main claims and/or conclusions of the
paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: Sections 5—7 record generation, scoring, counterbalancing, inference settings, esti-
mands, failure handling, clustering, fixed seeds, and the naturalistic runtime gate; the supplement
contains code, raw records, frozen addenda, and exact commands.

. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instructions to
faithfully reproduce the main experimental results, as described in supplemental material?
Answer: [Yes]

Justification: The supplementary archive includes the generators, exact solver, analysis scripts,
tests, frozen instances, raw response records, and reproduction instructions.

. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyperparameters,
how they were chosen, type of optimizer) necessary to understand the results?

Answer: [Yes]

Justification: Sections 5—7 and the addenda report suites, JSON schema, runtime, model settings,
budgets, scoring, and failure rules. No model training is performed; calibration and confirmatory
suites are disjoint.

. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: Sections 5 and 6 report 20,000-draw fixed-seed cluster-bootstrap 95% intervals
over the 20 independent procurement clusters and Wilson 95% intervals over the 20 independent
matched ancestry clusters. Section 7 reports the complete predeclared trace set and exact finite-
game inclusion gate for the naturalistic implementation.

. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the computer
resources (type of compute workers, memory, time of execution) needed to reproduce the experi-
ments?

Answer:

Justification: Model inference used hosted APIs whose worker hardware and memory are not
disclosed. Sections 5—7 and the supplement report call counts, token budgets, observed token use,
and latency; the exact solver and analysis require only standard CPU execution.
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10.

11.

12.

13.

14.

15.

16.

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the NeurIPS
Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The study uses synthetic games and automated API calls, collects no personal data,
and involves no human participants.

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative societal
impacts of the work performed?

Answer: [Yes]

Justification: Sections 7 and 8 discuss the defensive value and latency costs of canonicalization
and buffering, together with the risk that representation flexibility can preserve opaque revision
opportunities.

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible release
of data or models that have a high risk for misuse (e.g., pre-trained language models, image
generators, or scraped datasets)?

Answer: [N/A]

Justification: The work releases no trained model, scraped dataset, personal data, or other high-risk
asset; all benchmark instances are synthetic finite games.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in the
paper, properly credited and are the license and terms of use explicitly mentioned and properly
respected?

Answer: [N/A]

Justification: No third-party dataset, model weights, or software package is redistributed. Hosted
language models are experimental subjects, and their endpoint names and inference settings are
disclosed in Sections 5—7 and Appendix B.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]

Justification: The new synthetic benchmark, verifier, and analysis artifacts are documented in
Sections 5—7 and in the supplementary README, including schemas, generation commands,
scoring, tests, and limitations.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as well as
details about compensation (if any)?

Answer: [N/A]

Justification: The study involves neither crowdsourcing nor human subjects.

Institutional review board (IRB) approvals or equivalent for research with human subjects
Question: Does the paper describe potential risks incurred by study participants, whether such
risks were disclosed to the subjects, and whether Institutional Review Board (IRB) approvals
(or an equivalent approval/review based on the requirements of your country or institution) were
obtained?

Answer: [N/A]

Justification: The study involves neither intervention with nor collection of data from human
participants.

Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or non-
standard component of the core methods in this research? Note that if the LLM is used only for
writing, editing, or formatting purposes and does not impact the core methodology, scientific rigor,
or originality of the research, declaration is not required.

Answer: [Yes]

Justification: Sections 5 and 6 describe the language models as experimental decision makers,
their structured prompts and inference modes, and how their responses are scored.
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